Abstract. We consider all complex projective manifolds X that satisfy at least one of the following three conditions:
Introduction
The tangent bundle of a complex projective manifold equipped with a polarization is often semistable. For example, if X is a complex projective manifold such that the canonical line bundle K X is ample, then the tangent bundle T X is semistable with respect to the polarization defined by K X . More generally, if X admits a Kähler-Einstein metric then T X is semistable. Let V be a holomorphic vector bundle on a complex projective manifold X equipped with a very ample line bundle ζ. If V is semistable, then the restriction of V to any smooth complete intersection curve in X, obtained by intersecting hyperplanes from the linear systems of sufficiently large powers of ζ, remains semistable (see [10, Ch. 7] ).
Here we consider all connected complex projective manifolds X with the property that for every pair of the form (C , ϕ), where C is a compact connected Riemann surface and ϕ : C −→ X a holomorphic map, the pull back ϕ * T X is a semistable vector bundle over C. If dim C X ≤ 1, or X admits anétale covering by an abelian variety, then X satisfies this condition (if A −→ X is anétale covering with A an abelian variety, then the pull back of ϕ * T X to the fiber product C × X A is trivial; hence ϕ * T X is semistable). We conjecture that these are all.
For convenience, let us define that a connected complex projective manifold M satisfies Condition C if at least one of the following three statements holds:
(1) There exists a pair (Y , ϕ), where Y is a compact connected Riemann surface and ϕ : Y −→ M a holomorphic map, such that ϕ * T M is not semistable. ( 2) The variety M admits anétale covering by an abelian variety. (3) The variety M is a curve or a point.
The above conjecture says that all connected complex projective manifolds satisfy Condition C. We prove that the following classes satisfy Condition C :
• All M with a finite fundamental group (Theorem 2.3).
• All M such that there is a nonconstant morphism from CP 1 to M (Proposition 3.1).
• All M such that either the canonical line bundle
Flat connection and fundamental group
Let M be an irreducible smooth complex projective variety. The complex dimension of M will be denoted by d. Let P(T M) denote the projectivized tangent bundle that parametrizes all lines in the tangent spaces of M. Let F PGL(d,C) be the holomorphic principal PGL(d, C) over M defined by P(T M).
We recall that a holomorphic connection on P(T M) is a holomorphic splitting of the Atiyah exact sequence for the PGL(d, C)-bundle F PGL(d,C) (see [1, page 188 , Definition]). The projective bundle P(T M) admits a flat holomorphic connection if and only if it admits local holomorphic trivializations such that all the transition functions are locally constant. 
be the corresponding homomorphism. This homomorphism ρ is injective.
The Lie algebra of G in Eq. (2.1) will be denoted by g. The Lie algebra of PGL(d, C) is the subalgebra of M(d, C) defined by the trace zero matrices. We will denote the Lie algebra of 
be the holomorphic principal G-bundle over M obtained by extending the structure group of F PGL(d,C) using the homomorphism ρ in Eq. (2.1). We recall that F G is a quotient of
We have a holomorphic map
Since ρ is injective, the map α in Eq. (2.5) is an embedding.
We note that the vector bundle over M associated to F G for the standard action of
Fix a very ample line bundle over M to define semistable vector bundles on it.
Since ϕ * T M is a semistable vector bundle over Y for all pairs (Y , ϕ) as in the statement of the proposition, we know that the vector bundle End(T M) is semistable and Giving a flat holomorphic connection on the vector bundle End(T M) is equivalent to giving a flat holomorphic connection on the principal G-bundle F G in Eq. (2.4). Fix a flat holomorphic connection ∇ G on the principal G-bundle F G . Therefore,
is a holomorphic one-form on the total space of F G , with values in g, satisfying the following two conditions:
• the restriction of ∇ G to any fiber of the projection F G −→ M coincides with the Maurer-Cartan form, and • the form ∇ G is equivariant for the action of G on F G and the adjoint action of G on g.
, where α is the embedding constructed in Eq. (2.5). The composition η
The curvature of this holomorphic connection on
This completes the proof of the proposition.
But we put it down the following lemma for later reference.
Proof. From [4, Theorem 1.2] we have c 2 (End(T M)) = 0. Now the lemma follows from the fact that c 2 ( Proof. Assume that the fundamental group of M is finite. Fix a universal cover
Since the fundamental group of M is finite, this M is also a connected complex projective manifold of complex dimension d.
Let Y be a compact connected Riemann surface, and let
where γ is the map in Eq. (2.6). Since γ is anétale covering, we have
Therefore, using the given condition on M it follows that the vector bundle φ * T M is semistable.
Hence from Proposition 2.1 we know that the projective bundle P(T M) admits a flat holomorphic connection. On the other hand, M is simply connected. Hence the projective bundle P(T M ) is trivial. This immediately implies that the tangent bundle T M splits into a direct sum of holomorphic line bundles.
Since T M splits into a direct sum of holomorphic line bundles, and M is a compact connected Kähler manifold, using [6, 
Fix a point x 0 ∈ CP 1 . Consider the map
Since d ≥ 2, it follows immediately from this decomposition that the vector bundle φ * T M is not semistable.
This contradicts the earlier observation that φ * T M is semistable. Hence the fundamental group of M is infinite. This completes the proof of the theorem. 
where n is the integer in Eq. (3.2) . Consequently, the pull back f * T M is an ample vector bundle.
Since f * T M is ample, the variety M is rationally connected (see [11, Therefore, there is no nonconstant morphism from CP 1 to M. This completes the proof of the proposition.
The case of Kähler-Einstein manifolds
As before, M is a complex projective manifold of complex dimension d, with d ≥ 2. Assume that there exists a Kähler form ω on M with the following property:
There is a non-positive real number λ ∈ C such that the cohomology class of λ · ω coincides with the Chern class c 1 (T M) ∈ H 2 (M, R).
A theorem due to Yau, [14] , says that there is a Kähler metric ω on M satisfying the following two conditions:
(1) the Kähler metric ω is Kähler-Einstein, and (2) the cohomology class [ ω] ∈ H 2 (M, R) coincides with that of ω.
(In [2] , this was proved under the assumption that c 1 (T M) is positive.) Proof. Let ω be the Kähler-Einstein metric on M. We will show that ω is projectively flat.
Consider the Hermitian structure ω ′ on the vector bundle End(T M) induced by the Hermitian metric ω on T M. Since ω is a Kähler-Einstein metric, it follows that ω ′ is a Hermitian-Einstein metric. From Lemma 2.2 we know that
vanishes. In view of this, the condition that ω ′ is a Hermitian-Einstein metric implies that ω ′ is flat (see [13, Ch. IV, page 115, Theorem 4.11]). Therefore, ω is projectively flat.
be a universal cover M. The pulled back Kähler metric γ * ω on M is projectively flat because ω is projectively flat. Consequently, the holonomy of γ * ω is contained in the center
Since the holonomy of γ * ω is contained in the center U(1) ⊂ U(d), and M is simply connected, we conclude the following. There are connected Riemann surfaces C i , 1 ≤ i ≤ d, equipped with Kähler forms ω i , such that the product Kähler manifold 
We observed earlier that γ * ω is projectively flat. Since the restriction of the holomorphic Hermitian vector bundle (T (
with a trivial holomorphic Hermitian vector bundle of positive rank, it follows that (T C d , ω d ) is a flat line bundle. Indeed, the condition that the restriction of (T (
is a flat Kähler manifold. Therefore, γ * ω is a flat metric. This completes the proof of the theorem. From Proposition 3.1 we know that M is a minimal surface. If M is of general type, then c 2 (T M) > 0, and also the Miyaoka inequality
holds (see [3, page 207 , Theorem (1.1)]). Hence
This contradicts Lemma 2.2. Hence M is not of general type.
From Proposition 3.1 we know that M is not a ruled surface.
Hence from the list of minimal projective surfaces (see [3, page 188, Table 10 ]) we know c 1 (T M) 2 = 0. Therefore, from Lemma 2.2 we know that c 2 (T M) = 0. Hence, from the list of minimal projective surfaces we conclude that exactly one of the following two statements holds:
(1) The surface M admits anétale covering by an abelian surface. (2) There is an elliptic fibration M −→ C with genus(C) ≥ 2.
The proof of the proposition will be completed by showing that the second statement does not hold. To prove this by contradiction, let
be an elliptic fibration such that C is a smooth projective curve of genus at least two.
Since there is no nonconstant map from CP 1 to M, all the singular fibers of β in Eq. (5.1) must be multiples of smooth elliptic curves. From this it follows that there is a finite covering α : C −→ C with possible ramifications such that the normalization M of the fiber product M × C C is a smooth elliptic fibration over C, and furthermore, the resulting morphism Since M −→ C is a smooth elliptic fibration, the j-invariant map, that associates to each point x ∈ C the j-invariant of the fiber M x over x, is in fact a constant map. Therefore, there is a finiteétale Galois covering
where Z is a smooth elliptic curve. Since genus( C ′ ) ≥ genus( C) ≥ genus(C) ≥ 2, we have degree(T C ′ ) = 0. Hence from Eq. (5.7) it follows that ϕ * T M is not semistable.
But this contradicts the initial assumption that the first statement in the proposition does not hold. Therefore, there is no elliptic fibration M −→ C with genus(C) ≥ 2. This completes the proof of the proposition.
